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Heat transfer simulation using energy conservative dissipative particle dynamics

Eiyad Abu-Nada*

Department of Mechanical Engineering, Hashemite University, Zarqa 13115, Jordan; Leibniz Universität Hannover, Institut für
Technische Verbrennung, Welfengarten 1a, 30167 Hannover, Germany

(Received 5 October 2009; final version received 29 November 2009)

Dissipative particle dynamics with energy conservation (eDPD) was used to investigate conduction heat transfer in two
dimensions under steady-state condition. Various types of boundary condition were implemented to the conduction domain.
Besides, 2D conduction with internal heat generation was studied and the heat generation term was used to measure the
thermal conductivity and diffusivity of the eDPD system. The boundary conditions used include both the Neumann and
Dirichlet boundary conditions. The Neumann boundary condition was applied via adiabatic surfaces and surfaces exposed to
convection heat transfer. The DPD simulations were compared to analytical solutions and finite-difference techniques. It was
found that DPD appropriately predicts the temperature distribution in the conduction regime. Details of boundary condition
implementation and thermal diffusivity measurement are also described in this paper.
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1. Introduction

Dissipative particle dynamics (DPD) is a particle-based

mesoscopic simulation method introduced by Hooger-

brugge and Koelman [1], which captures hydrodynamics

of fluid flow. DPD can predict complex hydrodynamics

with a much higher computational efficiency compared to

MD as each DPD particle represents a group or packet of

actual molecules [2–4]. Since its introduction, DPD has

been applied to simulate the behaviour of various complex

fluid applications [5–14]. However, the DPD method was

limited to isothermal systems and modelling of thermal

systems was not possible because the total energy of the

DPD system was not conserved. Español [15] and Avalos

and Mackie [16] solved this energy conservation drawback

and extended the isothermal DPD equations to model heat

transport by introducing additional property to the DPD

system, which is the internal energy. This energy

conservation DPD system is known in the literature as

eDPD. Therefore, in the eDPD system, each DPD particle

is prescribed by the internal energy in addition to other

quantities found in the convectional DPD system (mass,

position and velocity). As a result, the heat transfer can be

modelled by the change of eDPD particles’ internal

energy. The eDPD approach was applied to model various

heat transfer problems [17–22]. Ripoll et al. [17] and

Ripoll and Español [18] studied heat transfer in a 1D

conduction domain and their results were compared with

analytical solution of the heat conduction equation, and a

good match between the two methods was reported. Also,

they studied transport quantities such as thermal

diffusivity for the 1D system. Mackie et al. [22] applied

the eDPD approach to heat flow. More recently, the eDPD

method was applied to model heat transfer in nanocompo-

sites by Qiao and He [19] and heat transfer in nanoparticle

suspensions by He and Qiao [20]. Also, Chaudhri and

Lukes [21] extended the eDPD formulation to multi-

components and applied it to the heat equation and 2D heat

conduction. In their 2D model, they used Dirichlet

boundary condition to model conduction in a 2D slab

and compared their results with analytical solutions.

As compiled from the literature search, the studies

conducted using eDPD to model heat transport are still

limited, and it is very important to apply eDPD to more

thermal problems to promote the eDPD method as a

powerful tool that could mimic various heat transfer

applications. Besides, the implementation of boundary

conditions is a very vital step in DPD simulations since the

overall accuracy of the DPD solution depends on the

boundary condition implementation. Therefore, it is of

importance to present a study that focuses on the boundary

condition implementation in eDPD simulations. In essence,

the ultimate goal of the eDPD model is to model

convection heat transfer applications at the mesoscale and

such modelling requires implementation and testing

various types of boundary condition on the eDPD system

to model convection heat transfer accurately. Therefore,

the objective of the current work is to investigate

conduction heat transfer in two dimensions using various

types of boundary condition and to measure thermal

conductivity and diffusivity of the eDPD system. The 2D

domain will be exposed to various types of boundary

condition such as adiabatic and convection boundary
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conditions. The current eDPD simulations will be

compared with analytical and finite-difference solutions

to test the validity of the simulations.

2. eDPD governing equations

Basically, similar to the convectional DPD approach, the

eDPD method is a particle method based on pairwise

interactions between a particle and neighbouring particles

within a certain cut-off radius. The eDPD particles are still

considered as a coarse-grained particle where each eDPD

particle resembles a group of actual fluid molecules. The

time evolution of eDPD particles is governed by

conservation of momentum and energy and is described

by the following set of equations [15,19,20]:

d~ri

dt
¼ ~vi; ð1Þ

mi

d~vi

dt
¼ ~f

C

ij þ ~f
D

ij þ ~f
R

ij

� �
; ð2Þ

Cv

dTi

dt
¼ qvisc

ij þ qcond
ij þ qR

ij

� �
: ð3Þ

The conservative force ~f
C

ij , dissipative force ~f
D

ij and

random force ~f
R

ij are expressed as [2,12,14]:

~f
C

ij ¼
X
j–i

aijwðrijÞ~eij; ð4Þ

~f
D

ij ¼
X
j–i

2 gijw
2ðrijÞð~eij·~vijÞ~eij; ð5Þ

~f
R

ij ¼
X
j–i

sijwðrijÞzijDt
21=2~eij: ð6Þ

Also, the heat flux vectors qvisc
ij , qcond

ij , qR
ij account for

viscous, collision and random heat fluxes, respectively,

and are given by [15,19,20]:

qcond
ij ¼

X
j–i

kijw
2ðrijÞ

1

Ti

2
1

Tj

� �
; ð7Þ

qvisc
ij ¼

X
j–i

1

2Cv

w2ðrijÞ gijð~eij·~vijÞ
2 2

s2
ij

m

" # 

2sijwðrijÞð~eij·~vijÞzij

�
;

ð8Þ

qR
ij ¼

X
j–i

aijwðrijÞDt
21=2z eij; ð9Þ

where rij ¼ ri 2 rj and vij ¼ vi 2 vj; eij is the unit vector

pointing in the direction from j to i. The parameter aij is a

repulsion parameter between the eDPD particles. Also, gij
and sij in Equations (5) and (6) are the strength of

dissipative and random forces, respectively. Also, kij and

aij in Equations (7) and (9) determine the strength of the

collisional and random heat fluxes [15,19,20]. The weight

function w decreases monotonically with the particle–

particle separation distance. It becomes zero beyond the

cut-off length and, in the current work, a linear weighting

function is used which is given as

wðrijÞ ¼
ð1 2 ðrij=rcÞÞ ðrij , rcÞ;

0 ðrij $ rcÞ:

(
ð10Þ

The random number zij that appears in Equation (6) has a

zero mean and a unit variance and has the property zij ¼ zji
to ensure the conservation of the total momentum of the

DPD system [1,2,4,5,7,12]. However, z eij is a non-

symmetrical random number with a zero mean and a unit

variance [15]. The relation between the parameters gij and

sij is governed by the fluctuation–dissipation theorem [15],

gij ¼
s2
ij ðTi þ TjÞ

4kBTiTj

; ð11Þ

aij ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
2kBkij

p
; ð12Þ

where kB is the Boltzmann constant. The parameter kij is

given as

kij ¼
C2
vkoðTi þ TjÞ

2

4kB

; ð13Þ

where ko is interpreted as heat friction that controls thermal

conductivity [17–20]. Also, Cv is the heat capacity at

constant volume for an eDPD bead. In general, the heat

capacity of the eDPD particles is normalised by the

Boltzmann constant to give a non-dimensional number
�Cv ¼ Cv=kB. The mass of the eDPD particles and the cut-

off radius rc are set to unity in the present simulations.

3. Validation of the eDPD code

The present eDPD code is validated by simulating two

fundamental heat transfer problems and comparing the

current eDPD results with analytical solutions. The first

problem is transient heat conduction in a 1D slab governed

by the heat equation. This problem was also used for

validation by previous researchers [17–21]. The eDPD

particles are uniformly distributed in a 2D lattice, where

the x and y spacings are taken as 0.5. To drive the heat

transfer, a temperature gradient is imposed between two

given reservoirs in this case, the top and bottom walls of

the slab. The top and bottom walls are represented by two

layers of the eDPD particles having the same spacing as

the interior domain. The temperatures of the bottom and

top walls are set, respectively, to 2.0 and 1.0. The periodic

boundary condition is used in the x direction. Initially, all
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of the eDPD particles are assigned an initial temperature of

1.5. The dimensionless heat capacity of the eDPD particles

( �Cv) is set to 1£105 [19]. The computational domain is

divided into 20£20 number of unit cells in the x and y

directions, respectively. The number density is fixed at 4.0.

The time step is kept very fine to capture the evolution of

temperature distribution in the domain. The analytical

solution is given by [23]:

Tðy; tÞ ¼ 1þ
y

L
þ

2

p

X1
n¼1

2cosðnpÞ2 1

n

� sin
npy

L

� �
exp 2

Dn 2p2t

L2

� �

2
3

p

X1
n¼1

cosðnpÞ2 1

n
sin

npy

L

� �
exp 2

Dn2p2t

L2

� �
;

ð14Þ

where L is the domain height (distance between the top and

bottom walls), which is 20 for this case, and D is the

diffusivity. Figure 1 presents a comparison between the

DPD and analytical solution where a good comparison is

observed.

The second problem of validation is a simulation of

steady-state 2D conduction in a slab. This problem has a

fixed-form analytical solution and has been used by

Chaudhri and Lukes [21] to validate their multicomponent

eDPD model. A sketch of the problem geometry and the

corresponding boundary condition of this problem are
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Figure 1. Temperature evolution in a 1D slab: comparison
between the current eDPD code and analytical solutions.
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Figure 2. (a) Sketch of the problem geometry for the validation of the 2D eDPD code. (b) Temperature isotherms (solid line, DPD;
dashed line, analytical solution). (c) Temperature profiles at the mid-slab height (i.e. y ¼ 20). (d) Temperature profiles at the mid-slab
width (i.e. x ¼ 20).
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shown in Figure 2(a). The steady-state 2D heat conduction

equation is given as [24]:

›2T

›x2
þ

›2T

›y2
¼ 0: ð15Þ

The analytical solution of Equation (15) is given as [24]:

Tðx;yÞ¼
2

p

X1
n¼1

ð21Þnþ1þ1

n
sin

npx

H

� � sinhðnpy=HÞ

sinhðnpW=HÞ
; ð16Þ

where H and W are the height and width of the slab,

respectively (here H ¼ W). The number density is set to

4.0 and the temperatures of the hot and the cold walls are

set to 25 and 1.0, respectively. To mimic the large

gradients experienced at the wall surfaces, the compu-

tation domain is divided into a large number of unit cells

(40£40) in the x and y directions. However, the use of a

small number of unit cells (e.g. 10£10) still captures the

correct physics of the problem. The following non-

dimensional temperature is introduced to compare the

DPD with the analytical solution:

u ¼
T 2 TC

TH 2 TC

; ð17Þ

where T is the dimensional temperature and TC and TH are

the cold and hot temperatures of the reservoirs,

respectively. The particles are uniformly distributed in

the 2D lattice where the x and y spacings are taken as 0.5.

All walls are represented by two layers of the eDPD

particles using the same spacing as the interior domain.

As reflected from Figure 2(b)–(d), the comparison

between the eDPD and analytical solutions is excellent.

In the following sections, the eDPD results will be

compared with finite-difference solutions. So, it is worth

presenting a validation of the finite-difference solution

scheme against the analytical solution given in

Equation (16). The finite-difference solution depends on

the discretisation of Equation (15) absorbing the boundary

conditions portrayed in Figure 2(a). Figure 3 shows a

comparison between the finite-difference and analytical

solution, where both methods give almost exactly similar

results which give a confidence to use the finite-difference

to validate the eDPD simulation presented in the following

section.
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Figure 3. Validation of the finite-difference solution against analytical solution. (a) Temperature isotherms (solid line, finite-difference;
dashed line, analytical solution). (b) Temperature profiles at the mid-slab height. (c) Temperature profiles at the mid-slab width.
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4. Results and discussion

In this section, three different heat conduction problems in

two dimensions are studied using the eDPD approach and

compared with finite-difference solutions. The first

problem (case I) presents heat conduction in a slab

where one of the walls is subjected to adiabatic boundary

condition. The second problem (case II) describes

implementation of convection heat transfer boundary

condition to conduction problems. Finally, the last

problem (case III) describes heat generation in a slab

and the calculation procedure of the thermal conductivity

and thermal diffusivity of the eDPD system. Figure 4

shows a schematic diagram of the three different cases

under study.

4.1 Case I

The geometry and the corresponding boundary condition

for this problem are shown in Figure 4(a). The left, right

and top walls are treated similarly to the procedure

outlined in Section 3. However, the bottom wall has a

different treatment since an adiabatic boundary condition

is used. Since an adiabatic boundary condition means a

symmetry condition, this means that the distribution of the

wall boundary particles located in the two extra layers

must be a mirror image of the corresponding particles in

the interior eDPD particles. If uniformly distributed

particle is used, this is automatically guaranteed since the

same particle spacing is used for the wall eDPD particles

as interior particle spacing. However, care must be taken

when interior particles are randomly distributed since the

location of particles in the first layer adjacent to the wall

cells has to be saved and a mirror location of these

particles has to be created to generate the corresponding

wall eDPD particles. This becomes of importance for

convection problems where all interior eDPD particles are

moving and therefore the location of the particles in the

first layer adjacent to the adiabatic wall keeps changing

with time. Therefore, the location of the wall particles is

not any longer kept fixed and is updated for each time step

accordingly. In the present work, the algorithm used

is programmed to check the location of the eDPD particles

adjacent to the adiabatic wall, and a mirror image of these

particles is created in the wall boundary to allocate the

wall particles. Both approaches of random and uniform

distribution of particles in the interior domain are tested

and shown to give similar results, but due to the limited

space in this paper, such a comparison is not presented.

Mathematically, the adiabatic boundary condition is

given as dT/dy ¼ 0. A second-order accurate forward

difference formula for the first derivative at the bottom

wall is expressed as

dT

dy
¼

23T1; j þ 4T2; j 2 T3; j

2Dy
; ð18Þ

where 1, 2 and 3 correspond to the boundary, the first cell

and the second cell of the interior domain and Dy is the

unit cell width which is equal to unity in the present work.

Therefore, solving for the temperature of the boundary, the

following formula is obtained:

T1; j ¼
4T2; j 2 T3; j

3
: ð19Þ

Therefore, the temperature of the wall eDPD particles is

expressed as a function of the interior eDPD particles,

namely in the first and the second cells adjacent to the wall

boundary. Therefore, the temperature of the wall particles

is solved for each time step similar to the interior domain

particles.

To carry out the eDPD simulation, the computation

domain is divided into a number of unit cells (40£40).

As the forces are effective within the cut-off radius,

particles far from rc are excluded in the computation. A cell

division and link-list approach is implemented to enhance

the computational efficiency [25]. The time step is kept

small as 0.00002 and the total time steps used to reach the

steady state are 100,000 steps. The reason for using a small

time step is that a large heat capacity ( �Cv ¼ 100; 000) is

used. The value of ko (heat friction) is kept constant at 0.1.

Also, the strength of the random forces parameter (sij) is

set to 3.0. The statistical averaging of the eDPD parameters

(temperature in this case) is carried out by dividing each

unit cell into two bins and data is averaged in the last 25,000

time steps. The temperature is non-dimensionalised

according to Equation (17). Figures 5 and 6(a), (b) show

comparison for the temperature isotherms and temperature

(a)

Q
•

h

TH

TCTC

TCTC

TC

TC

Insulated

(b) (c)

TH TC

Insulated

Figure 4. Sketch of problem geometries: (a) case I, (b) case II
and (c) case III.
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profiles at the mid-section in the x and y directions,

respectively. As revealed from the figures, a good

comparison is presented.

4.2 Case II

The geometry and the corresponding boundary condition

of this problem are shown in Figure 4(b). The left, right

and bottom walls are treated similar to the previous

sections. The top wall is exposed to convection heat

transfer coefficient h (W/m2 K).

The heat balance at the top wall surface is written as

q00conduction ¼ q00convection; 2k
dT

dy
¼ hðTw 2 TCÞ; ð20Þ

where TC is the ambient temperature. Solving for the tem-

perature gradient at the boundary and using Equation (18),

the temperature at the top wall is expressed as

TM; j ¼
2TcðBi=HÞ þ 4TM21; j 2 TM22; j

ð3 þ 2ðBi=HÞÞ
; ð21Þ

where Bi is the Biot number given as

Bi ¼
hH

k
;

where H is the height of the slab, which is equal to 40.

The Biot number plays an essential role in conduction

problems where convection effects are involved. It is

viewed as the ratio of the convection at the surface to

conduction within the solid or the conduction resistance

within the solid divided by the convection resistance at the

surface [26]. In Equation (21), M, M21 and M22

correspond to the top wall, the first interior cell adjacent to

the top wall and the second interior cell adjacent to the top

wall, respectively. The value of Bi is varied between 0

(corresponding to perfectly insulated surface) and 1 (i.e.

corresponding to the surface temperature equals the

surrounding temperature) to show a wide range of results

for the convection-type problems. Figure 7 shows the

isotherms using the wide range of Bi. As shown from these

simulations, a good comparison between the eDPD

solutions and the finite-difference solution is observed.

Further comparison is presented in Figure 8 for the case of

Bi ¼ 1 showing temperature profiles at the mid-height and

width of the slab, and it is concluded from the figures that a

good comparison is observed.

4.3 Case III

In the third case, 2D conduction with internal heat

generation is investigated. The governing equation

describes the heat transfer with internal heat generation,

which is given as [24]:

›2T

›x2
þ

›2T

›y2

� �
þ

_Q

k
¼ 0; ð22Þ
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0.5

0.6

0.7 0.7

0.8 0.8
0.90.9

0.6

0.25

0.2

0.1

0.1

Figure 5. Temperature isotherms for case II (solid line, DPD;
dashed line, finite-difference solutions).

0

0.05

0.1

0.15

0.2

0.25

0.3

0 5 10 15 20 25 30 35 40
x

eDPD
Finite-difference

(a)

(b)

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1

0 10 20 30 40
y

eDPD

Finite-difference

θ
θ

Figure 6. Temperature profiles for case II: (a) section at the
mid-slab height (i.e. y ¼ 20) and (b) section at the mid-slab width
(i.e. x ¼ 20).
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where _Q is the rate of heat generation per unit volume

(W/m3) and k is the thermal conductivity (W/m K).

The following non-dimensional temperature is introduced

to compare the DPD with the finite-difference solutions:

u ¼
T 2 TC

_QH 2=k
: ð23Þ

Using Equation (23), Equation (22) can be written as

›2u

›x2
þ

›2u

›y2

� �
¼ 21: ð24Þ

The DPD solution is compared to the finite difference, and

from this comparison the thermal conductivity and,

accordingly, the thermal diffusivity are evaluated.

The calculation procedure of thermal diffusivity utilises

the non-dimensional analysis by means of the equality of

non-dimensional numbers. Using non-dimensional

analysis, one can write the following relations:

uDPD ¼ uFD

umax DPD ¼ umax FD; ð25Þ

where FD stands for the finite-difference solution and max

is the maximum. The solution of Equation (24) is

straightforward and therefore the value of umax FD is known

and, accordingly, the value of umax DPD becomes a known

quantity using the relation given in Equation (25).

Therefore, Equation (23) can be rearranged at maximum

temperature as

_Q

k
¼

Tmax 2 TC

H 2

� �
1

umax DPD

� �
: ð26Þ

Consequently, the right term on the right-hand side

becomes a known quantity.

The eDPD solution of Equation (22) starts from

modifying the energy equation of the eDPD particles to
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Figure 7. Temperature isotherms for case II (solid line, DPD; dashed line, finite-difference solution): (a) Bi ¼ 0, (b) Bi ¼ 1, (c) Bi ¼ 10
and (d) Bi ¼ 1.
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include a heat generation term and, accordingly, the

modified equation reads as

Cv

dTi

dt
¼ qvisc

ij þ qcond
ij þ qR

ij

� �
þ _QðrcÞ

2: ð27Þ

In all of the simulations, the rc is taken as unity. As shown

from the problem geometry (Figure 4(c)), all wall

boundaries are assigned to the ambient temperature.

Therefore, the potential that is driving the heat transfer in

the domain is the heat generation term and not the

temperature difference between given reservoirs as

constantly used by all previous studies in the literature.

In the DPD solution, the value of _Q is varied between

1£108 and 1£1011. Therefore, at the steady state, the

corresponding quantity ðT 2 TCÞ=H
2 is known for the

x
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Figure 8. Temperature profiles for case II and Bi ¼ 1.
(a) Section at the mid-slab height (i.e. y ¼ 20) and (b) section
at the mid-slab width (i.e. x ¼ 20).
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Figure 9. A plot of _Q=k vs. _Q for case III to determine the
thermal conductivity of the eDPD system.
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Figure 10. Temperature isotherms for case III (solid line, DPD
solution; dashed line, finite-difference).
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Figure 11. Temperature profiles for case III. (a) section at the
mid-slab height (i.e. y ¼ 20) and (b) section at the mid-slab width
(i.e. x ¼ 20).
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entire slab domain. Consequently, the right hand side of

Equation (26) becomes a known quantity. So, to determine

the thermal conductivity of the eDPD system, we plot _Q=k
vs. _Q and from the slope of the graph one can determine

the value of the thermal conductivity. The plot is shown in

Figure 9. From the graph, the value of the thermal

conductivity is calculated as 3£107. Therefore, the thermal

diffusivity is determined to be 74.8 (from the relation

DT ¼ k=ðnCvÞ), where n is the number density (n ¼ 4) and

Cv is the heat capacity of the eDPD system. This procedure

was tested for other domain size of (30£30) and (20£20)

and gave almost similar results (75 and 75.7, respectively).

However, for (10£10), it gave a larger value of 84.1. After

the value of the thermal conductivity is obtained,

Equation (23) will be used to calculate the non-

dimensional temperature of the eDPD domain (since k,
_Q and H are now known quantities). The comparison

between the finite-difference solutions of Equation (24)

and DPD results is shown in Figures 10 and 11. As shown

from the figures, there is almost an exact match between

the two approaches.

5. Conclusions

eDPD was applied to investigate steady-state 2D

conduction heat transfer using various types of boundary

condition. The DPD simulations were compared to

analytical and finite-difference solutions. It was found

that DPD appropriately predicts the temperature distri-

bution in the conduction regime. The problem of 2D

conduction with internal heat generation was studied and

the heat generation term was used to measure the thermal

conductivity and diffusivity of the eDPD system.

The outcome of this study is very helpful for future

studies concerned with convection heat transfer.
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